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1. Introduction

ABSTRACT

We describe a method of constructing exact solutions of the equations of molecular
dynamics in non-equilibrium settings. These solutions correspond to some viscometric
flows, and to certain analogs of viscometric flows for fibers and membranes that have
one or more dimensions of atomic scale. This work generalizes the method of objective
molecular dynamics (OMD) (Dumitrica and James, 2007). It allows us to calculate
viscometric properties from a molecular-level simulation in the absence of a
constitutive equation, and to relate viscometric properties directly to molecular
properties. The form of the solutions is partly independent of the form of the force
laws between atoms, and therefore these solutions have implications for coarse-grained
theories. We show that there is an exact reduction of the Boltzmann equation
corresponding to one family of OMD solutions. This reduction includes most known
exact solutions of the equations of the moments for special kinds of molecules and gives
the form of the molecular density function corresponding to such flows. This and other
consequences leads us to propose an addition to the principle of material frame
indifference, a cornerstone of nonlinear continuum mechanics. The method is applied to
the failure of carbon nanotubes at an imposed strain rate, using the Tersoff potential for
carbon. A large set of simulations with various strain rates, initial conditions and two
choices of fundamental domain (unit cell) give the following unexpected results:
Stone-Wales defects play no role in the failure (though Stone-Wales partials are
sometimes seen just prior to failure), a variety of failure mechanisms is observed, and
most simulations give a strain at failure of 15-20%, except those done with initial
temperature above about 1200K and at the lower strain rates. The latter have a strain at
failure of 1-2%.

© 2009 Elsevier Ltd. All rights reserved.

Among the most important deformations in solid mechanics are the bending, twisting and extension of beams. The
most important flows in fluid mechanics are viscometric flows. In both cases these are the motions that, when compared
with the corresponding experiments, are used to measure the material constants. In the simplest cases, these are elastic
constants, viscosities and normal stress differences.
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In this paper we give a universal' molecular interpretation of these motions. From this viewpoint, the bending and
twisting of a beam and the viscometric flow of a viscoelastic fluid, for example, are essentially the same. They both have an
interpretation at atomic level as

V(D) = 8Wit), k=1,....M, geG, (1.1)

where G is a discrete group of isometries in three dimensions, and the y,(t), k = 1,...,M solve the equations of molecular
dynamics. Taking g = id, we have that y,(t) = y;4,(t). In the case of interest in this paper the elements g € G also have an
explicit dependence on the time t. The group G typically has certain free parameters. The time dependence is introduced by
allowing some of those parameters to depend on time in a particular way. Our main result is that, even though only
y1(0),...,yu(t) are assumed to satisfy the equations of molecular dynamics, all the typically infinite number of atoms with
positions given by (1.1) necessarily satisfy those equations. Essentially, we identify a time-dependent invariant manifold? of
these equations. The presence of this invariant manifold is a direct consequence of the frame-indifference and permutation
invariance of the potential energy. These conditions on the atomic forces are satisfied quite generally, for example with a
force on each nucleus given by the Hellmann-Feynman formula based on full (nonrelativistic) quantum mechanics under
the Born-Oppenheimer assumption.

This justifies a numerical method in which only M atoms are simulated but all the atoms satisfy the equations of
molecular dynamics. If the equations are exactly satisfied for the M atoms, then they are exactly satisfied by all® the atoms.
The number M and the initial conditions on the simulated atoms can be arbitrarily prescribed, independently of the group.

The case where the group elements do not depend explicitly on time has been studied in Dumitrica and James (2007)
and Zhang et al. (2009). There it was shown how the bending, twisting and extension of nanoscale beams could be
simulated by this method, and specific simulations were given for single-walled carbon nanotubes with atomic forces
described by multi-body Tersoff (1988) potentials. Some interesting instabilities of the nanotubes were seen, including a
regular rippling of the inside of the tube in pure bending and a helical rippling in torsion. These phenomena are very similar
to those seen in experiment and captured by other methods, for example in the interesting papers of Arroyo and Arias
(2008) and Yakobson et al. (1996). The present paper focuses on the case where the group elements have an explicit
dependence on time.* This corresponds to nanostructures that are out of equilibrium and, in the case of other groups
(Section 6), to some classical viscometric flows.

As an example of the time-dependent case, we present calculations of carbon nanotubes extended at a constant strain rate
(Section 8). A large set of simulations were done with various initial conditions, corresponding to initial temperatures
between 300 and 1500K, strain rates from 10* to 108s-!, and with two fundamental domains (unit cell) and their
corresponding groups. We do not see any major differences between the results obtained with the two different fundamental
domains. Several failure modes were noted, including melting, fibrous fracture, cavitation and cross-sectional collapse, but
not the expected mechanism of the nucleation and glide of Stone-Wales defects. Occasionally, just prior to failure, we saw the
formation of what could be termed Stone-Wales partials, but these quickly healed.> We find that, for both fundamental
domains and for all strain rates and initial temperatures, the strain at failure was in the range 15-20% for simulations with
initial temperatures below about 1200 K. Near 1200 K and at the lower strain rates 10*—10° s~ there was a sharp drop of the
strain at failure (to 1-2%). The strain rate had the unexpected effect of giving significantly higher elongation at higher rates.
The failure at low strains was preceded by a large amplitude vibrations of the cross-section at a frequency of about 100 GHz.

While these preliminary serial simulations reach experimentally accessible rates at the lower end (10*s~1), we are
currently implementing parallel simulations that we estimate will reach strain rates that can be relatively easily imposed in
experiments, permitting a direct comparison between predicted and measured failure modes and viscoelastic properties.
This kind of direct comparison is a rarity in molecular dynamic simulations.

It is tempting to infer that these solutions for nanostructures have the same significance for the determination of
molecular-level properties as viscometric flows do for bulk properties of fluids. Some solutions of the equations of
molecular dynamics given by (1.1) have direct continuum analogs. Conversely, there are some well-studied viscometric
flows in fluid mechanics, such as cone-and-plate flow, which are not given by (1.1). The latter arises partly from invariance
assumed for the stress tensor in continuum mechanics that is not completely consistent with molecular dynamics.

Given a discrete isometry group, the construction of these solutions begins with the specification of the number M of
simulated atoms and their initial conditions. As noted above, M can be any positive integer and the initial conditions are
completely unrestricted. This raises the question of how many atoms are sufficient to capture representative behavior (in
some precise sense) and what initial conditions are realistically permitted? In the case of periodic molecular dynamics,

! Here, universal means independent of the material.

2 In the present context a time-dependent invariant manifold is a manifold in R*N that depends on time and evolves in an prescribed way,
independent of the solution. Under hypotheses of existence and uniqueness for the MD equations, a solution that begins on this manifold stays on this
manifold for all time.

3 Typically, the isometry groups are infinite so there are infinitely many atoms altogether.

4 Even when the group elements do not depend on time, there are some large scale dynamic motions possible with OMD. For example, large scale
coordinated radial vibrations of a carbon nanotube can be simulated with time-independent OMD. Results of some such simulations are given in
Dumitrica and James (2007).

5 These results do not imply that Stone-Wales defects would also be absent in simulations at lower strain rates. Dumitrica et al. (2006) have given
persuasive arguments based on energetics and statistical mechanics that these are likely at lower rates.
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(which is a simple special case of OMD), if the supercell (i.e., M) is sufficiently large and the initial conditions are of
sufficiently low total energy and correspond to the lattice parameters of the material being simulated, it is generally
believed that the solutions obtained are in some sense statistically representative. In Dumitrica and James (2007) the
dependence of the solutions on M and the initial conditions was also explored, and it was seen that different torsional
instabilities could be expressed by different choices.

Another way to explore how representative are the solutions is to look for analogs in other theories of materials that are
between molecular dynamics and continuum mechanics. We do this for the kinetic theory of gases. Based on special
examples of the solutions found here, we develop an ansatz for the molecular density function and we show that there is an
exact reduction of the Maxwell-Boltzmann equation corresponding to all these solutions. No assumptions on the atomic
force laws are introduced. We also look at the H-theorem for these solutions, which has an interesting simple form. A
detailed study of solutions of the reduced equation is given in a forthcoming paper (James and Miiller).

The connection with the kinetic theory, and the fact that some aspects of these solutions are independent of the nature
of the atomic forces, suggests that analogs of these solutions should be universally present in continuum theory. This
assertion can be rephrased as a restriction on constitutive equations. The restriction arises essentially from the frame-
indifference—actually, just the translation and permutation invariance—of the underlying potential energy. We argue in
Section 7 that the present principle of material frame indifference of nonlinear continuum mechanics should be modified
by the inclusion of these additional restrictions. All widely accepted constitutive equations satisfy the modified principle.
The modified principle has interesting implications for some mesoscale theories (Section 7).

Notation: The summation convention is used here. Z is the integers and 7> is the set of triples of integers. Unless
indicated otherwise, Greek letters are scalars and lower case Latin letters are vectors in R>. Typically, uppercase Latin
letters represent 3 x 3 matrices. A’ denotes A multiplied by itself i times, if i is a positive integer, or A™' multiplied by itself
li| times if i is a negative integer. The letters Q and R, subscripted or not, are reserved for matrices in O(3) = (R: R'R =1};
here, the superscript T indicates the transpose, and I is the 3 x 3 identity matrix. Ry € SO(3) = {R € O(3) : detR = 1} denotes
a rotation of counterclockwise angle 0. Subscripts of vectors and matrices in this paper do not signify components; they are
labels for atoms (y; is the position vector of atom i, k.).

2. Isometry groups and objective structures

The method relies on the use of discrete groups of isometries in three dimensions. The derivation of these groups is a
classical topic (Opechowski, 1986). Some of them are summarized in the International Tables of Crystallography (Hahn,
2003). Of special interest for nanostructures are the subperiodic groups, that is, the groups that do not contain three linearly
independent translations. Volume E of the International Tables contains an incomplete listing of the subperiodic groups.
Another problem with the listings of these groups is that only the abstract groups are listed, whereas for the present
method the explicit isometries, and particularly the allowed parameter dependence of these isometries, is needed.
Motivated by these issues, we have calculated from the basic definition the explicit forms of all subperiodic, discrete groups
of isometries in a forthcoming paper (Dayal et al.). We summarize here only the groups used in this paper.

A discrete group G of isometries in 3-D is assumed to consist of elements of the form g = (Q|c),Q € O(3) and ¢ € R>.
Given g1 = (Q,/cy) and g; = (Q,|cy), the rule for group multiplication is g1g; = (Q,Q,1Q; ¢ + ¢1), and the rule for inverses
is g71 = (@' —Q'c). These rules come from thinking about these isometries as acting on R>: g(x) = Qx + c. Then
composition of mappings gives

81(&2(X) = Q1(QXx +€) + ¢ =Q;Q,Xx+ Q¢ + €1 = g182(X), (2.1)

from which one can infer the rules for products and inverses given above. The identity is id = (I|0).
We shall often make use of the simplest isometry group, the 3-D translation group Gr. Gr is generated by the three
elements t; = (Ile;), i = 1,2,3 where ey, e,, e; are linearly independent vectors (not necessarily orthogonal). It is given by

Gr = {t)tit] : p,q,r € Z} = {(I|pe; + qe; +res) : p,q,1 € 7}. 22)

A general result from Dayal et al., that includes all other groups we shall use in this paper, is the following: if a discrete group
of isometries does not contain a translation and does not consist entirely of rotations, it is expressible in one of the forms

G ={h:pe?}

Gy ={hPfM:peZ m=1,2},

Gy ={hPg:peZ,q=1,...,n},

Gy ={hPgif":peZ,q=1,....,n,m=1,2}, 2.3)

where

1. h=(Rylte+ Ry —DxXo}, Rye = e, je| = 1,Xo - e = 0,e,Xo € R>, 70, and 0 is an irrational multiple of 27.
2. g = (Ry|(Ry —Dxo), Ry,e = e, is a proper rotation with angle y = 2n/n,n € Z,n+0.
3. f=R|R-Dxq),R=-1+2e;®e;,le;|=1,e-e; =0 and x; = X; + e, for some ¢ € R.
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Fig. 1. Illustration of the four groups given by (2.3). The pictures are obtained by applying each of the groups to a single sphere. Coloring scheme is
according to the powers of group elements, as noted. Group parameters conveniently chosen. (a) G;: all atoms blue; (b) G;: m = 1 red; m = 2 blue; (c) G3:
n = 6; shading proportional to q; (d) G4: n = 6; m = 1 green; m = 2 red/blue, shading proportional to q. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

The isometries h, g, f having these forms necessarily satisfy gh = hg, fh = h~1f and fg = g~'f. Conversely, if the elements h, g,
fsatisfy 1-3, then the sets given in (2.3) are discrete groups of isometries with no translation. If 0 is instead chosen to be a
rational multiple of 27, but all else is the same, then (2.3) also gives discrete groups of isometries, but these then contain a
one-dimensional translational subgroup. Our examples of Section 8 are of this latter type.

With appropriate choices of the parameters the group {h?g4f™ :pe Z,q=1,...,n,m = 1,2}, operating on a single point
in R?, describes the structures of single walled carbon nanotubes of any chirality.®

In Section 8, as an illustration of the use of OMD for simulating the viscometry of nanostructures, we use groups having
the forms of G, and Gj listed in (2.3). The detailed choice of parameters is given in Section 8, but we here give an overview
of how the groups and parameters were chosen. We first used the group G, = {hPgif™ :e Z,q = 1,...,n,m = 1,2}, operating
on an appropriate point z; € R? to generate a static carbon nanotube with near the relaxed lattice parameter at zero
temperature,” as done schematically in Fig. 1. In Section 8 this is chosen as a (6,6) nanotube. Then we chose a pair of
integers p’, ¢’ with q’ dividing n with no remainder, and we defined h’ = h”, g’ = g9. The subgroup G' = (h?g'? :pe Z,q =
1,...,n/q'} generates exactly the same static nanotube, not when applied to a single point in R*, but when applied to a
certain set S of 2p'q’ points.® In fact this set of points is given by S = {hPgif™(z):p=1,...,p,q=1,...,q,m=1,2}. We
chose S as the initial positions of our M = 2p’q’ simulated atoms. This procedure works for nanotubes of any chirality and
any subgroup: one simply changes the values of parameters. The initial positions are those of the nominally relaxed
nanotube with that chirality and subgroup.

The initial velocities of these simulated atoms were chosen to give various initial temperatures, after a transient. In
preliminary simulations we found that the entire nanotube often spun rapidly about its axis with approximately constant
angular velocity. After that, and in all simulations reported, the initial velocities were chosen to have total initial angular
velocity zero. The method of simulation is described in detail in the next section.

Objective structures as defined in James (2006) are molecular structures consisting of a set of N identical molecules, each
having M atoms, in which corresponding atoms in each molecule see the same environment. That is, the atomic

5 As well as structures obtained by uniformly twisting or extending them.

7 The precise value is not important, as the method allows for relaxation of lattice parameters. However, one should keep in mind that the state of the
nanotube, after the inevitable transient, may be axially stressed.

8 This set of points belongs to the fundamental domain FD of the group G/, that is, a domain such that G’ acting on the FD covers R? and images of the
FD under G’ do not overlap.
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environments of two corresponding atoms can be mapped into each other by an orthogonal transformation.
“Corresponding atoms” can be taken to be the ith atoms of each molecule, and these statements are required to hold
for every i € {1,...,M}. It is shown in Dayal et al. that, after possibly renumbering the molecules, every discrete objective
structure can be written as a discrete isometry group applied to the positions of a single molecule. It is then seen that OMD
is a method of simulation for objective structures, although the simulated atoms would rarely be chosen to represent an
actual physical molecule.

3. Objective molecular dynamics with time-dependent groups

Given a discrete group of isometries G = {g1,82., . ..,8n}, 1 = id, let the simulated atoms be denoted as above by y,(t), k =
1,...,M with corresponding masses my, ... my. Typically, we will have N = co but M is assumed to be finite. All other atoms
of the structure will have positions given by

Vi) =gy (1), & e€GC, i=1,...,N, k=1,....M. 3.1

Keep in mind that we are interested in the case that the elements g € G depend explicitly on time even though this is
suppressed in the notation. We will assume that for any i = 1,..., N the species of y;,(t) is the same as the species of y,(t),
that is, that all atoms labelled i, k have mass m; and an atomic number that depends only on k.

The force on atom i, k is denoted by the suggestive notation —d¢/dy;; : R**" - R?. We assume that this function is
smooth and frame-indifferent, i.e., for all Q € O(3) and c € R,

0 0
Qayq)’ (...,y,»bl,...yi],M,...,yibl,.. .yiz,M,...) Iay—qé’c(...,Qyi1,1 +C,...Qyi1,M +C7...,Qyi2,] +C,...Qyi2,M +cC,...),
ik 1,
(3.2)
and also that it is permutation invariant,
0 0
ayl;?k) G Vit YoVt Yiomo - ) = ay?k G Y1y - - - Yiamys - - Yo 1y - - - Vi Mys - - s (3.3)
i, i,

where [T is any permutation that preserves species. Here, preservation of species means that if (i, k) = I1(j, ¢) then the
species (i.e., atomic mass and number) of atom i, k is the same as the species of atom j, ¢. These invariances are formally
satisfied, for example, by the Hellmann-Feynman force formula based on Born-Oppenheimer quantum mechanics.

The conditions (3.2), (3.3) can be found by formally differentiating the conditions of frame-indifference and
permutation invariance of the potential energy,

OC. Y1 Yiams Vit Yoms o) = @0 . ¥y - - Vg mys - - - Yo 1) - - - YoMy - - )
=¢(..,Qy,1+6...Qy; y+€C,...,Qy;, 1 +€...,QY, y+C,..) (3.4

with respect to y; . However, in the present situation it is preferable to assume the invariance condition at the level of the
forces, as the potential energy is typically infinite when N = oo, whereas the forces are finite and satisfy the invariance
conditions given above under mild conditions on the atomic positions.

Note that we use the full orthogonal group here, as this is the invariance group of Born-Oppenheimer quantum
mechanics. In continuum mechanics people often restrict invariance to proper rotations, but this restriction arises
essentially because continuum mechanics deals with relatively smooth families of deformations rather than atomic
positions.

In addition to the two invariances given above, we make the essential hypothesis that the time dependence of every
element in G is such that

dy; () d? d2y(t)
— = — Zi(Y (1) = Q; , &=@Qilc)eG, j=1,...,N, k=1,...,M. 35
dt2 dt2 gj(Yk( ) Q] dt2 & (Q]I ]) J ( )
Now consider any particular isometry g = (Q|c) € G. Because G is a group, if we apply g to the structure defined by (3.1),
i.e., we calculate g(y; (1)), i=1,...,N, k=1,...,M, we recover exactly the same structure back again. (Both g and g; here
are evaluated also at time t.) Thus, there must be a permutation I7, depending on the choice of g, such that
Viio® = 8Wik®), i=1,...,N, k=1,....M. (3.6)

Now fixj € {1,...,N} and choose g = gj‘1 = (QjT| — Q]-ch). The corresponding permutation I7 satisfies I1(j, k) = (1, k), by (3.6)

and (3.1). Now assume that y,(t),...,yy(t) satisfy the equations of molecular dynamics, i.e.,

09
oY1k
op

=- m(. - &iY1(0), - -, &iYm (D), 81 (¥1(D); - - - i1 Y (D)), - - )- (3.7

my(t) = — G Yin®s L Yim©, i1 105 - Vi (), -2
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Together with initial conditions on the M simulated atoms,
Vi@ =), V0 =vp, k=1,....M, 38)

this is an ordinary differential system in standard form. Using the full invariance (3.2), (3.3), the condition I1(j, k) = (1, k),
and the assumption (3.5), we have that

. .. 0
my(t) = mQ;y(t) = —Q; 6y7(1pk(' LY ®), Ym0, Vi1 (0, Vi m (D), )

0
= QYO Yin OV 11O, Vi (O )
11(j.k)

0
=-Q; _ay?, G- Yain©s - Yaam©s - Vi, H©s - Vg, - -2
J.K
0
= _Qjay—?k(' . »gf](YiJ ®),... ,%71()’1‘,M(t)),gfl(yl‘+1,1(f)), . ,gfl(yl‘ﬂ,)w(t)), )
i1

0
= —Qjay—i(. QY0 - Q... QY () - Q[ QY1 1 () — QT c..... QLY m(®) - QUc;...)
s

0
= 2 YO Vi O Y11 O Vi (O, 3.9
oYk
This shows that all the other atoms also satisfy the equations of molecular dynamics.
In simulations, the atoms with positions y;,. ..,y will be simulated and other atoms will be forced to go to locations
determined by (3.1). The force on each of the atoms y;,...,yy is calculated from all the other atoms.

4. Allowed time dependence of the group elements

Here we study the condition (3.5). Writing g; = (Q;|¢;).Q; € 0(3),¢; € R>, we allow Q,.¢; to depend on t and we write
(d/dt)Q; = Q;W; (no sum), where W; = —W]T. Then the condition (3.5) is

:TZ; Qyr+¢)=Q; dzgtkz(t), 4.1)
that is,

QW + QWjy, + +2Q;W;y; + Q¥ + ¢ = Q¥ (4.2)
or, equivalently,

¢ = _Qj(‘szyk + Wy, + 2W;y)). (4.3)
This condition is highly restrictive, since it must be satisfied for every k = 1, ..., M and also for every t >0 (It is not sufficient

that it be satisfied in a statistical or average sense). Unless the initial conditions are extremely special, the values of y; and
V. will fluctuate erratically; in addition, M is usually larger than the number of unknowns (= 6) in (4.3). Thus, as a useful
condition for molecular dynamics, it only makes sense to solve (4.3) in the case thaty, and y,, are independently assignable
vectors in R? at each t>0. We have that (4.3) is satisfied for independent choices of y,,y, if and only if

¢=0 and W,;=0, t>0. (4.4)

That is, Q; € O(3) must be constant and ¢; = a;t + b; must be an affine function of t. In short, each group element is a
Galilean transformation. This condition does not imply that the entire collection of atoms undergoes a Galilean
transformation, and these conditions still lead to many interesting groups corresponding to a variety of flowing structures.

A simple but important observation is that the rules for multiplication and inversion of isometries given in Section 2
have the property that if two isometries have affine dependence of their translation on t, then so do their product and
inverses. Hence, necessary and sufficient conditions for a group of isometries to consist of elements whose translations are
affine in t is that the translations of the generators of that group have affine dependence on t.

For the groups used in OMD simulations of carbon nanotubes (see Sections 2, 8) the affine dependence on t is
introduced by allowing 7 in the generator h defined after (2.3) to be given as t = 7¢(1 + £t). With this choice a typical
evolution is shown in Fig. 2. Here 74 is chosen to correspond to the relaxed nanotube as described at the end of Section 2,
and ¢ has the direct interpretation as the imposed axial strain rate.
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To (1 -+ ft';)

T=

Fig. 2. Illustration of an OMD simulation of a carbon nanotube pulled at constant strain rate. The red atoms are simulated and lie in the fundamental
domain. The corresponding group is G; in (2.3). Values of the parameters are given in Section 8. (a) t; = 20ps; (b) t, = 1730ps; (c) t3 = 2240ps.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

5. Simplest case corresponding to the translation group
5.1. Description of the method

This is the simplest case of the method, and the case that relates directly with viscometric flows of (typically, non-
Newtonian) fluids. The positions of all the atoms are given by

Vox), veZ’ k=1,....M, t>0. (5.1)

where 73 denotes all triples of integers. For convenience, and in view of (2.2), we now index the group elements by triples
of integers v = (v!, v2,v3) with the identity element associated to (0,0,0). The simulated atoms will undergo motions given
by yi() = ¥000,k(), k=1,...,M. The group is Gr given by (2.2) except that we replace e; by e; + t€;, so as to be consistent
with the conclusions of the last section. To make comparisons with continuum and kinetic theories easier, we write
é; =Ae;, i=1,2,3, for some linear transformation A, without loss of generality. It is then immediately seen that all
elements of Gr have affine time-dependence, so the theorem of the preceding section holds. The atoms that are not
simulated will be forced to adopt positions given in terms of the simulated atoms by

Yk = gu(Yi (D) = Vi(0) + pi'e; + pitAe; =y, (6) + (1 + tA)(u'ey), (5.2)

where {e;, e,, e;} are three linearly independent vectors, A is a linear transformation and u 73. The quantities A and the
linearly independent e, e;, e3 are assignable, but they cannot depend on the time t, so that the only time dependence is
that shown explicitly on the right hand side of (5.2). The atom (u, k) is also assumed to be of the same species as the
simulated atom ((0, 0, 0), k).

5.2. Viscometry in fluid mechanics

The relation with fluid mechanics is the following. Typically the linearly independent vectors eq, e,, e will be chosen as
small multiples of molecular dimensions, say, roughly 1-100 times the size of a molecule. For suitable choices of the
integers (u!, 12, ), a given vector in R® can then be approximated by yie; up to an error of molecular dimensions. We can
think of a continuum Lagrangian variable x as being well approximated by y'e; for some choice of y1 e 73, Without loss of
generality we can assume that the simulated atoms y;(t) belong to the unit cell Z(t) = {A'd + tA)e; : 0<'<1,i =1,2,3)
attached to the origin. Occasionally it may happen that a simulated atom leaves %/(t) (which causes no problem). At the
same instant an atom of the same species enters Z/(t) with a different velocity from the one that left, according to (5.2). If
one wishes one can occasionally redefine the simulated atoms to lie in Z/(t). We thus see that (5.2) is analogous to the
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Lagrangian description of the motion
yx, t) = I+ tA)X. (5.3)

These are affine motions. The subsections above give a molecular level interpretation of these flows for any choice of the
matrix A. The relation to viscometric flows of Navier-Stokes or non-Newtonian fluids is the following. The constitutive
theory of both kinds of fluids can be subsumed under the theory of incompressible simple fluids. These are materials
governed by a constitutive equation for the Cauchy stress of the general form

a(y,t) = —pl + Z(F(y, ), (5.4)

where X is a functional that operates on “histories”, that is, it operates on 3 x 3 matrix-valued functions of the form
F:(y, 1), t<t, with determinant 1, and with t,y being parameters. The function F;(y, 1), T <t,y € , is the relative deformation
gradient, i.e., it is the gradient of the deformation that maps the domain Q; of the body at time t to its domain Q; at the
earlier time 7. That is, F¢(z, 1) is the gradient with respect to z of the function y(y~'(z, t), 7), where y(x,t) is an ordinary
Lagrangian description of motion for example as given in (5.3). The scalar p is the pressure. Viscometric flows are defined by
the following restriction on the relative deformation gradient:

Fi(y, D) = Q. D+ (T — HOMuy)), M; =0,Q, € 03), T<t, t>0, y e, (5.5)

(see, e.g., Coleman et al., 1966°). We note that the condition M? = 0 is necessary and sufficient that M, is expressible!® in
the form M; = a; ® b, with a; - b, = 0. With this form of M; the constraint of incompressibility is necessarily satisfied by
viscometric flows.

The relative deformation gradient of the affine motion (5.3) is by direct calculation

Fi(y,7) = A+ tA)I + tA)" L. (5.6)

Comparing (5.6) to (5.5), in particular, putting FTF; from (5.6) equal to the same quantity based on (5.5) and then evaluating
at t =0, we see after a few calculations that the affine motion (5.3) describes a viscometric flow if and only if
A=Mp=a®b,a-b=0, in which case F/(y,7) =1+ (t — t)a® b. This is the case of plane Couette flow. That is, if A=
a®b,a.-b =0 then the Eulerian velocity based on (5.3) is

vz ) =y 'z t),t)=Ad+tA) 'z=a( - z). (5.7)

That is, in the orthonormal basis aligned with {a,b,a x b}, we have v = (kz,,0,0).

On the other hand, there are flows of the form (5.6) in an incompressible fluid that are not viscometric flows. To see this,
we impose only the condition of incompressibility on (5.6). This condition, detF,(y,7) = 1 for all Tt<t>0, is equivalent to
det(I + At) = 1 for all t>0. Divide this by t> and look at the characteristic equation to prove that necessary and sufficient
conditions for det(I + At) = 1 for all t>0 are that detA = trA = trA> = 0. In turn, a necessary and sufficient condition that
detA = trA = trA® = 0 is that there is an orthonormal basis such that in this basis A has the form

0 0 «
A=|7 0 y3]. (5.8)
0 0 O

Generally, this is a rank-2 matrix. Thus there are many isochoric affine flows that are not viscometric flows.

Based on the known relation between molecular dynamics and continuum mechanics, either via the kinetic theory or by
spatial averaging (Noll, 1955; Irving and Kirkwood, 1950; Hardy, 1982; Murdoch and Bedeaux, 1994), we expect that the
affine flows will have a favorable relation to the balance laws of continuum mechanics. Note that F; given by (5.6) is
independent of y. For all other constitutive relations of which we are aware (see Section 7) the Cauchy stress based on an
affine motion is uniform in space. Therefore, the balance of linear momentum becomes

PV +Vw)=